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Abstract 

In this paper we find a family of knots with trivial Alexander poly- 
nomial, and construct two non-isotopic Seifert surfaces for each mem- 
ber in our family. In order to distinguish the surfaces we study the 
sutured Floer homology invariants of the sutured manifolds obtained 
by cutting the knot complements along the Seifert surfaces. Our ex- 
amples provide the first use of sutured Floer homology, and not merely 
its Euler characteristic^ classical torsion), to distinguish Seifert sur- 
faces. Our technique uses a version of Floer homology, called "longit- 
ude Floer homology" in a way that enables us to bypass the compu- 
tations related to the SFH of the complement of a Seifert surface. 



1 Introduction 

It is known that every knot in S 3 bounds a Seifert surface. Seifert surfaces 
play an important role in knot theory and low dimensional topology in gen- 
eral. The minimum genus taken over all oriented surfaces that a knot K 
bounds is called the genus of K. It is natural to wonder whether or not a 
given minimal genus Seifert surface for a knot is unique. To make sense of this 
question, we should be clear on the notion of equivalence between surfaces. 
We consider two surfaces R and R to be equivalent if there is an isotopy of 
S 3 taking R to R . Fiberedness of a knot is known as a suffic ient condition for 
which its minimal genus Seifert surface is unique (see BZ67J). However, there 
are many known examples of knots w i th non- i sotopic Seifert surfaces . See fo r 



instance Alf7fl lAltlll . lEis77l . IH.TSOSL lKak92l iKakOfil lKob89l . lLvo74 lTro75 
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Figure 1: The above pictures are over/under plumbings of two twisted annuli, 
R and R respectively, both are bounded by the same knot, P(Ki, K 2 ), where 
Ki is the right handed trefoil and K 2 is the left handed trefoil. These lead 
to two distinguished Seifert surfaces R and R , up to weak equivalence, for 
the knot P(Ki,K 2 )- The simple closed curves, c±, c 2 , d\ and d 2 are basis 
elements for Hi of the complement of these surfaces inside S* 3 . 



Many classical tools in distinguishing surfaces deal with the surfaces' 
complements in S 3 . These tools include, for instance, Seifert forms and the 
fundamental group of the surfaces' complements. They are quite powerful, 
but, they can potentially lead to tedious algebraic computations. There are 
also examples beyond the scope of classical tools. 

In this paper we find knots with trivial Alexander polynomial and two 
distinguished Seifert surfaces for each. The idea is that we plumb two un- 
twisted annuli. Then we tie arbitrary nontrivial knots, Ki and K 2 in each 
of the annuli. We produce some twists in each annulus in such a way that 
the framings are I and 0, respectively, where / is an arbitrary non-zero in- 
teger. We will see in section |3] that R and its dual, R , both are bounded by 
the same knot P(K\, K 2 ). Figure Q] shows an example. Our main theorem 
shows that the two surfaces are inequivalent, provided that one of the twist- 
ing parameters is zero and the other is non-zero. The above strategy works 
regardless of the knots one ties to these annuli, i.e., if you tie arbitrary knots 
to the annuli, the two different plumbings result in the same knot. 

We are now in a position to state the main theorem. 
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Theorem 1. Let P(Ki, K 2 ) be the knot obtained by plumbing two annuli with 
arbitrary knots K\ and K 2 as in FigureUl with framings I and 0, respectively, 
I 7^ 0. Changing the plumbing results in the same knot, but two inequivalent 
Seifert surfaces, R and R . 

Our technique begins by noting that the sur faces' com plements have a 



particular structure called a sutured manifold(see |Gab83a| ). Assigned to su- 



tured manifolds there is an invaria nt calle d sutured Floer homology(denoted 



by SFH) introduced by Juhasz in [Juh06| . One cannot possibly use only the 



rank of SFH of minimal genus Seifert surfaces' complements t o distin guish 



them, since the rank in this case depends only on the knot (see [Juh08l . The- 
orem 1.5]). Therefore, we would need to know the structure of SFH as a 
Spin c -graded group if we ever were able to use it to know two surfaces are not 
equivalent. Combining the sutured Floer homology of (S 3 (R), , y) with the 
Seifert form turns o ut to be a us eful to ol in distinguishing different Seifert 



surfaces(see HJS08J). Altman in Aftllj gives an example of using only the 



sutured Floer homology polytope to distinguish two Seifert surfaces for a 
knot (for related definitions see Section [2]). 

The reason we are interested in the particular knots here is twofold. First, 
the classical methods fail in distinguishing the two Seifert surfaces. Second, 
the polytopes of the surfaces' complements are the same. Our theorem pro- 
duces the first examples where the (SFH) + ( Seifert form) technique is suc- 
cessful, but x(SFH) alone wouldn't have sufficed. Indeed, anytime th e twist- 



ing of one of the annuli is zero, we have x = 0. We refer the reader to |JuhlO 
for a detailed discussion about the identification of the Euler characteristic 
of the sutured Floer homology with a type of Turaev torsion polynomial. 

We close this section by mentioning that there are other notions of equi- 
valence one could consider. The one we work with throughout the paper(so 
called weak equivalence) is the same as regarding two surfaces R and R to 
be equivalent if there is an orient ation p reserving; diffeomorphism between 
the pairs (S 3 ,R) and (,S 3 ,i2')(see [Hat83| l. There is also a more restrictive 
notion called strong equivalence, that considers two Seifert surfaces for a knot 
K as equivalent if they are ambient isotopic to each other in S 3 \n(K), where 
n(K) is a neighborhood of the knot K inside S 3 . While it was known that 
the Seifert surfaces we construct via over/under plumbings for the knots in 
our examples produce t wo dist inguished Seifert surfaces for the knots up to 



strong equivalence (see [Gab86. Corollary 3.2]), what we show in the paper 
is stronger, that is, the two Seifert surfaces are not weakly equivalent. From 
now on, we will not make any further references to strong equivalence. 
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2 Background 



Sutured manifolds were introduced by Gabai in [Gab8 3a], Sutured Floer ho- 



mology is a generalization of Ozsvath-S zabo F loer homology to an invariant 



of sutured manifolds, and is defined in Juh06 . 



In this section we begin by briefly recalling some basic notions about 
sutured manifolds. We then discuss the structure of SFH as a group and 
how it behaves under decomposing a sutured manifold along an embedded 
surface. A key to understand it is a generalization of the Thurston norm 
to an invariant of relative homology classes in a sutured manifold called the 
Sutured-Thurston norm. We end this section by recalling a fact about the 
behavior of SFH under a Murasugi sum of two surfaces. 



2.1 Sutured manifolds 



The following with more details is contained in |Juh06 



Definition 2.1. A sutured manifold (M, 7) is a compact oriented 3-manifold 
with boundary, together with a set 7 c dM consisting of annuli A(j) and tori 
T(j). Furthermore, the interior of each component of A(y) contains a su- 
ture, i.e., a homologically non-trivial simple closed curve. The union of the 
sutures is denoted by 5(7). 



We then take R(j) = dM\int( r y). Define R+d) (R-(j)) to be those com- 
ponents of i?(7) whose normal vector points out of(into) M. The orientation 
of R(j) must be coherent with respect to 5(7), i.e., if 5 is a component of 
dR("y) and is given the boundary orientation, then 5 must represent the same 
homology class in #1(7) as some suture. (M, 7) is called balanced if M has 
no closed components, x(R-(l)) = x(R+(l))i an d the map from 710(^(7)) 
to iTo(dM) is surjective. 

Let S 3 (Ri) = S 3 \int(Ri x J) denote the complement of our Seifert surface. 
We equip this with a suture 7 = dRi x {1/2}. 
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Definition 2.2. A sutured manifold (M, 7) is called taut if M is irreducible 
and Rfa) is incompressible and Thurston norm minimizing in its homology 
class in H 2 (M, 7). 

In general, for a Seifert surface R of a knot K it follows that S 3 (R) is 
taut if and only if g(R) = g(K). In particular, both S 3 (R) and S 3 (R ) in our 
examples are taut sutured manifolds. 



2.2 Sutured Floer homology polytope and decomposi- 
tion of a sutured manifold along an embedded sur- 
face 

In this subsection we consider the SFH of a sutured manifold as a Spin c - 
graded group. We recall the definition of the sutured Floer homology poly- 
tope and then describe how the shape of the polytope changes when one 
decomposes a sutur ed man ifold along an embedded surface. Throughout, we 



use the notation of iJuhlO 
reader to 



JuhQ6 



........ j . We do not define all the terms here and refer the 

and iJuhlOl for related definitions and also more 



details. 



Let (M, 7) be a balanced sutured manifold. Let also vq be a nowhere 
vanishing vector field pointing into M along R+^j), pointing out of M along 
R- (7) which restricts to 7 to be the gradient of a height function 5(7) xl —*■ I. 
The space of such vector fields is contractible. Thus, it makes sense to fix a 
representative, v . 

To a sutured manifold (M, 7), one can assign a Heegaard diagram (E, ct, 0) 
where E is a compact oriented surface with boundary and cx = {ai, a 2 , ctd} 
and (3 = (3 2 , fid} are two sets of pairwise disjoint simple closed curves 
in int(Yj). Take Tat = «i x a 2 x ••• x «d a nd = {3\ x (3 2 x ... x p d as subsets 



of the symplectic manifold Sym 9 (E)(see Juh06l | for details). To every point 
x e Tot n T^, one can associate a relative Spin c structure, s(x) e Spin c (M, 7) 
as follows: 

First pick a Morse function which determines the Heegaard diagram whose 
gradient vector field agrees with Vq along dM. Next, modify the vector 
field in a neighborhood of the flowlines specified by x. This produces a 
non-vanishing vector field v that agrees with vq on dM. The homology 
class of v specifies a relative Spin c structure which we denote by s(x). It 
turns out that Spin c (M, 7) is an affine space over H 2 (M, dM; Z). Therefore, 
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it makes sense to talk about the difference of two relative Spin c structure, 
s(x) - s(y) e H 2 (M, dM; Z). We denote PD^^x) - s(y)] by e(x,y) which 
is an element of H\(M; Z). 

Definition 2.3. Let (M, 7) be a balanced sutured manifold. The support of 
sutured Floer homology of (M, 7) is 

S(M, 7) = {s e Spin c (M, 7) : SFH(M, 7, s) * 0}. 



SFH(M,j) is a finitely generated abelian group(see [Juh06 



), thus , S(M, 7) 



Juh08l. Theorem 



is finite. Moreover, if (M, 7) is taut then S(M, 7) ^ by 
1.4]. 

It turns out that is a trivial vector bundle over dM, provided that 
(M, 7) is balanced in each component. Let us denote the set of all trivializ- 
ations of vfr by T(M, 7). For t 6 T(M, 7), let c x {s, t) e H 2 (M, dM; Z) be the 
relative Euler class of the vector bundle v L with respect to the trivialization 
t, where v is a nowhere zero vector field along M which agrees with i> on 
dM. In other words, Ci(s, t) is the obstruction to extending t from dM to a 
trivialization of v L over M. 

Definition 2.4. Fzx t e T(M, 7). Define 

C(M, 7 ,t) = {i(ci(je,t)) : s g S(M,j)} c H 2 (M,3M;R), 

where i : H 2 (M, dM; Z) — ► H 2 (M, dM; M) zs the map induced by the natural 
embedding Z R. 

Let P(M, 7, t) be the polytope obtained as the convex hull of C(M, 7, t) 
inside H 2 (M, 7; M). Thus if (M, 7) is taut and a e H 2 (M, dM), then, 

c(a, t) = min{(c, a) : ce C(M, 7, t)}, 

is a well-defined number. 

Definition 2.5. For a e # 2 (M, 5M) ; /et 

H a = {xe H 2 (M, dM; R) : <x, a> = c(a, t)}. 

In addition, we take 

P a = H a nP(M, 7 ,i), 
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and we also use the notation, 

SFH a (M,j) = SFH(M, ll5 ). 

{se5pm c (M,7):i(ci(s,t))sP a (A/,7,t)} 

It turns out that this is independent of t. 

The following useful fact is contained in jjuhldl . Proposition 4.13]. 

Proposition 2.6. Let the sutured manifold (M, 7) be taut and strongly bal- 
anced. Fix an element a s H 2 (M, dM). Then P a (M,j,t) is a face of the 
polytope P(M, 7, t). If S is a nice decomposing surface that results in a taut 

S ' ' 

decomposition (M, 7) -- - - - *- (M , 7 ) and [S] = a, then, 

SFH(M',^') s SFH a (M,j). 



2.3 Sutured-Thurston norm and depth of a sutured 
manifold 



We now recall the definitions of different norms assigned t o a sutu red mani- 



fold and discuss how they are related. All is contained in |FJR11 



Definition 2.7. Let (M, 7) be a sutured manifold. Given a properly embed- 
ded, compact connected oriented surface S c M, let, 

x s (S) = max{0^\Sn s ( 7 )| - X (S)}, 

and extend this definition to disconnected surfaces by taking the sum over the 
components. 

Now for a e H 2 (M, dM), take, 

x s (a) = min{x s (S) : [S, dS] = a}, 
where the minimum is taken over all properly embedded surfaces S a M. 

Example 2.8. Let K a S 3 be a knot and let (M, 7) = (5 3 \n(if), 7 ) where 
n(K) is a neighborhood of the knot K and 7 consists of two meridianal su- 
tures. If a e H 2 (M, dM) is a generator, then x s (a) = 2g(K). Note that 
this differs from the usual Thurston norm x of M, which satisfies x(a) = 
2g(K) — 1 for a nontrivial knot. 
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Definition 2.9. LetS(M,j) be the support of S F H (M , 7) . IfaeH 2 (M,dM; 
we define, 

z(a) = max{(s — t, a) : s, t e S(M, 7)}. 

The following key proposition helps us to bypass the computations of the 
SFH of the complements of our annuli. 



Proposition 2.10. \FJRlA . Proposition 7.7} Let (M, 7) be an irreducible 
balanced sutured manifold such that all boundary components of M are tori. 
Then z = x s . 

We do not aim to give a precise proof of the proposition here; however, 
the proof uses a key fact which is helpful duri ng the c ourse of computations 



we will do. The detailed proof is contained in FJRlll . Proposition 7.7]. 



Sketch of the proof. It turns out that we can assume each of the components 
of 8M consists of two sutures. For (M, 7), there is a link, L, in a 3- manifold 
Y, where Y is obtained by Dehn filling dM such that the fi^s are meridians 
of the tori. For each s e Spin c (M,'j) we obtain a relative first Chern class 
Ci(s) 6 H 2 (M, dM) such t hat the set (ci(s) : s e S(M, 7)} is symmetric about 



the origin. Then, due to JuhOa . Remark 8.5], for every h e H 2 (M, dM), 



max{( Cl (s),h) : s e S(M, 7)} = x(h) +J]\(h, ^> | . (1) 

i=l 

Since the image of S(M, 7) is symmetric and Spin c (M, 7) is an affine space 
over H 2 (M, dM), this is equivalent to saying 

1 

max{(s -i,h):s,te S(M, 7)} = x(h) + J] | (h, Hi) | • (2) 

Note that the left sides of ([T]) and ([2]) must be the same which completes the 
proof. □ 

2.4 SFH of the Murasugi sum of two manifolds 



In [Juh06[, Juhasz found a formula th at gove rns the behavior of SFH under 



a plumbing of two annuli. We recall |Juh06l . Remark 10.8] as a proposition 
here. 

Proposition 2.11. If a surface R is a Murasugi sum of two subsurfaces R\ 
and R2, then over any field F, we have, 

SFH (S 3 (R); F) s SFH (5 3 (i?i); F) <g) SFH {S 3 (R 2 ); F) . 
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The above formula is an isomorphism of Spin c -graded gr oups. Note also that 
a plumbing is a special case of a Murasugi sum(see also Ni06|). As a matter 
of fact, what we have in Figured] is a Murasugi sum of two annuli along a 
4-gon, so this proposition enables us to compute the SFH of the complement 
of each of those annuli and then simply take their tensor product. 



3 Using SFH(Y(R)) to distinguish Seifert sur- 
faces 

This section will be devoted to using the sutured Floer homology invariants 
in order to distinguish inequivalent Seifert surfaces of knots in the form of 
Figure [TJ We keep using the same notation as in Section [TJ First, we show 
that, different plumbings of the knotted annuli have the same boundaries. 
Then, we will prove, the over/under plumbings lead to two distinguished 
Seifert surfaces for their common boundary. 



3.1 R and R bound the same knot. 



The goal of this subsection is to prove that the knotted annuli in the form 
of Figure [U where the right handed trefoil and the left handed trefoil are 
replaced by arbitrary knots, K\ and K 2 , both are bounded by the same knot, 
P(Ki, K 2 ). We would like to mention here that, it is possible to do isotopies 
in Figured] to go from one presentation of P(K\, K 2 ) to the other, however, 
we take a different r oute. L et us recall th e definition of a plumbing here (see 



Gab83b|, [Gab86|, [Kak05| and [Kob89j for more details). Given compact 
oriented surfaces 81,82 a S 3 ; if there are 3-balls V\, V 2 c= S 3 satisfying the 
following properties: 



V 1 kjV 2 = S 3 , V 1 nV 2 = dV x = dV 2 = S 2 
R = Si u S 2 and D = S\ n S 2 is a 4-gon, 



Si^Vi (i = 1,2), 



then R is called a plumbing of Si and S 2 . In our examples Si, S 2 and 
their plumbing are shown in Figure [2] Put P(Ki,K 2 ) = dR. Note that 
R = (R- D) u D is an oriented surface with dR = P(Ki,K 2 ) where 
D = S 2 — int(D). We will say that R is a dual of R. Notice that R is also 
a plumbing of Si and S 2 where S t = (Si — D) u D (i = 1,2). 



9 



Figure 2: The first two pictures are showing two knotted annuli. The third 
picture shows they are plumbed along a red 4-gon where the 4-gon is on the 
sphere, one annulus is inside the sphere and the other annulus is outside of 
it. The light blue plane is part of the sphere. 




% K 2 




Figure 3: The plumbing region, D\ is represented by the whole sphere where 
the 4-gon, D is removed from it. To have D in between the two annuli, the 
top annulus will get moved down and the bottom annulus will go to the top. 
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We still need to argue that the two different plumbings we talked about 
above are the same as the plumbings in Figure [TJ Notice that if we pull 
down the ^-knotted annulus in the left picture of Figure [TJ we obtain the 
representation of a plumbing in the sense of Figure [2j Then, with the above 
notation, if we change the plumbing region, D to D , we will have a hole in 
the sphere as in Figure El Now, in order to have the red plumbing region 
in Figure [3J between the knotted annuli, we need to push the Ki-knotted 
annulus down, and the ^-knotted annulus will get moved up. But, the 
latter is the same as the right side of Figure [TJ 

Remark 3.1. The above argument essentially shows that if we push the 
Seifert surfaces R and R inside the four-ball and keep the knot, P(Ki, K 2 ), 
in S 3 , they are isotopic. Pushing the plumbing disk, D, of the surface R 
inside the four-ball, enables us to go from the right picture in Figured to the 
right picture in Figured and simultaneously avoid all intersections that could 
possibly occur. Therefore, we obtain an isotopy between R and R inside the 
four-ball. 



3.2 Classical Methods 

In this subsection we observe that classical methods fail in distinguishing 
the two Seifert surfaces, at least for a subfamily of our examples. Let us 
start by looking at the Seifert forms. Pick that subset of our examples 
where the non-zero twisting parameter is 1. Easy computation based on 
the basis elements represented in Figure [TJ shows that the Seifert forms are 

I I ) and V R > = ( \ I 



given by Vr = ( n n ) and V R > = ( n ) for R and R\ respectively. 



One can check that if W = ( J I ^) ' ^ nen we nave ^r' = W t VrW. 

Since, W e SX 2 (Z), Vr and V R i are congruent. Thus, Seifert forms are 
incapable in distinguishing these particular surfaces. Another effective way 
to distinguish between surfaces is by looking at the homeomorphism type 
of their complements. Starting from the left picture in Figure [TJ we take a 
regular neighborhood of the surface, R, inside S 3 , we obtain a handlebody 
with one zero handle and two one handles. The left picture in Figure H] 
illustrates a schematic diagram for our discussion when we retract the handles 
to one zero cell and two one cells. Notice that we can do handle slides inside 
S" 3 in the sense that in the schematic diagram, first, we obtain the middle 
picture in Figure H] and then, the right picture, that is a planar diagram 
for the surface, R . Hence, S 3 \R and S 3 \R are homeomorphic. Thus any 
algebro-topological invariant derived from the homeomorphism type(e.g. 7Ti) 
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Figure 4: We encode the surfaces in this picture with planar diagrams where 
the circles and the bands are representing the zero cells and the one cells, 
respectively. 

will fail to distinguish the surfaces R and R' . 
3.3 Structure of SFH(S 3 (R)) 

As we discussed in section [TJ we plumb two knotted annuli. Figured] shows an 
example when the knots, K\ and K 2 , are the left handed and right handed 
trefoils, respectively. The point is that the complement of each of these 
annuli in S" 3 deformation retracts to the knot complement, regardless of 
what the framings of those knots are. Thus, we have H\{MA = Z where 
Mi = S 3 (A(Ki)) and v4(iQ)'s are the annuli as in Figure [5p = 1,2). Notice 
also that we are in a position to use Proposition 12.101 Therefore we have 
x s (A(Ki)) = z(A(Ki)). We recall that 

x s {A{K,)) = max{0, \\A(Ki) n s( 7 )| - 

and that x s (A(K i )) = 2g — 1, similar to the computation we did in Example 
12.81 since g 5= 1, the breadth is at least 1. Thus we have the following 
polytopes, 

Cl Cl Ci 

G\ G*2 ... G n 

C2 C 2 C 2 
1 1 1 1 

Hi H 2 ... H m 

for S 3 (A(Ki)) and S 3 (A(K2)), respectively, where G\, G n , Hi and H m are 
all non-zero and also we have that m, n ^ 2. We now plumb the annuli, so, 
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G x ® Hi £l_G 2 ® Ht £L 



("2 



C 2 



c 2 



Gi ® # 2 £l_G 2 ® # 2 £L 



c 2 



^_ G n <g> H x 

(-2 
(-2 



c 2 



c 2 



c 2 



G x ®H m °i G 2 ®H m _^ Cl G„(g>tf n 



due to Proposition 12.111 we get a tensor product formula. Thus, one ob- 
tains the polytope shown above for the manifold S 3 (R) where C\ and c 2 are 
the standard basis elements for Hi(S 3 (R);Z), specified in Figure [TJ In ad- 
dition, for S 3 (R), we follow the exact same process that obviously results 
in the same polytope, except c\ and c 2 are replaced by d\ and d 2 . In sum- 
mary, we find that the polytopes of SFH(S 3 (R)^) and SFH(S 3 (R ), 7 ) are 
rectangular and at least four of the vertices in each rectangle have non-zero 
groups sitting on them. 



3.4 Calculation 

In this subsection we present a way to calculate the groups Gi<g)Hi, G\®H mi 
G n ® Hi and G n ® H m sitting on four of the vertices of the above polytope. 
We explain the computations needed to obtain G\ and G n . Then, H\ and 
H m could be calculated in a quite similar way. Throughout, we fix the knot 
K\ and for the sake of simplicity of notation, we set K = K\. 



A priori we deal with the complement of a knotted annulus, with two 
oriented sutures on the two edges of it (see Figure [5]). Let us denote this 
manifold by M. Then, M is homeomorphic to the knot complement. As 
a sutured manifold, however, it is different; the sutures are not meridianal. 
They are rather like oriented longitudes. 

Remark 3.2. SFH(M, / y) is isomorphic to an invariant of knots called 
"Longitude Floer Homology" of eith er the zero or I framed knot. As in the 
construction of knot Floer homology (\OS0£, \RasOi l) we first find a Heegaard 



diagram for the knot complement in S 3 . While in there we add the meridian 
of the knot to the set of (3 curves to obtain a Heegaard diagram for S 3 ; in 
the longitude Floer homology case, we add a longitude that results in a Hee- 
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Figure 5: Knotted annuli with oriented sutures, A(Ki) and A(K 2 ) 



qaard diagram for Sq(K). This subject has been first studied by Eftekhary in 
MM] for framing zero and la ter, has been developed by Redden for arbitrary 
surgery coefficients in tHedOil l. 

Let S(K) be a Seifert surface for the knot K. The key to obtaining G\ 
and G n is to decompose (M, 7) along S(K). The following proposition can 
be enlightening. 

Proposition 3.3. For a given knot K and its meridian fi, we have, 

h¥k(S* (K) a a(K)) ~ I 5^ 3 ' 9{K)) lfN * ° 



Proof. Let (M, 7) be the knot complement with two oriented longitudes as 
the sutures(see Figure[5]). We decompose (M, 7) along S(K), a Seifert surface 
of K, to obtain (M , 7 ), 

(M, 7 ) SiK) -(.I/'.-'). 

Notice that, 

(M > V ) „ f S*(S(K)) ifN * 

Now by taking SFH of both sides and also from the fact that SFH(S 3 (S(K)) ; 
HFK(S 3 , K, g(K)), the result follows. The last isomorphism is |juh08l . The- 
orem 1.5]. □ 
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Proposition 13. 3^ in fact, give s us a formula for G n . Note that S(K) is 
a nice decomposing surface(see Juh08| for the definition of a nice decom- 
posing surface) and (M ,7) is taut. Therefore, based on Proposition 12. 6[ 
SFH{M',-y') is a face of the polytope of SFH(M, 7), that is, SFH{M',j) 
G n . In order to obtain Gi, we just need to decompose (M, 7) along the same 
surface, S(K), with the opposite orientation. One can also obtain H% and H m 
in a similar manner by replacing S(K) = S(Ki) by S(K 2 ). Thus, we have 
computed G\®Hi, G\® H m , G n (x) Hi and G n (g) ifm__injthe polytope I3.4L In 
particular, these four groups are all non-zero since, HFK(S 3 , Ki, g(Ki)) ^ 0, 
i = 1,2, provided that Ki is nontrivial. 



Proposition 13.31 can be interpreted in the language of longitude Floer ho- 
mology as well. As we mentioned in Remark 13.2} the sutured Floer homology 
of the Seifert surface complementary manifold corresponding to the knot K, 
is isomorphic to HFL(K). Therefore, when the framing is zero, we obtain 
the following corollary for HFL. 

Corollary 3.4. For a given knot K in S 3 , 

HFL[K, s top ) s HFK(S 3 , K, g{K)) HFK(S 3 , K, g{K)) 

where St op is the highest grading in the support of HFL, i.e., HFL(K,i) = 
for i > s top . 



3.5 Proof of the main theorem 

In this subsection we prove the main theorem of the paper. Having known 
the results of the subsections 13.31 and 13.41 , it remains to distinguish R and 
R . We mention here a natural notion of equivalence for sutured manifolds, 
where (M, 7) and (M , 7 ) are equivalent if SFH(M, 7) and SFH(M , 7 ) are 
isomorphic. We still need to clarify the notion of isomorphism bet ween the 



sutured Floer homology of two sutured manifolds. The following is [HJS08I . 
Definition 4.1]. 

Definition 3.5. Two relatively Spin c -graded groups 

SFH(M,^)= SFH(M,~i,s) , SFH(M' ',7') = @ SFH(M' ',7' ,s) 

se Spin c (M,-y) se Spin c (M' ,-/') 

are isomorphic if 

1. There is an isomorphism, f* : H 2 (M',dM'; Z) H 2 (M, dM; Z). 
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2. There is a bijection of sets u : Spin c (M' ,7) — > Spin c (M, 7). 
5. T7ie following diagram commutes 

Spin (M', 7) (x) # 2 (M', 5M'; Z) ( ^i Spin c {M, 7) ® # 2 (M, 5M; Z) 



Spin c (M'^') Spin c (M, 7) 



where the vertical arrows are followed by the action of H 2 (M' ,7') on 
Spin c (M' ,7') andH 2 (M,-f) on Spin c (M,-f). 

4- There are isomorphisms g s : SFH(M ,7 ,s) — >• SFH{M,^,u{s)) for 
every s e Spin c (M , 7 ) 

If SFH(M, 7) s SFH(M',^') in the sense of the above definition, /* 
and u are both obtained by pulling back along a function / : (M, 7) — > 
(M ,7); an equivalence between (M, 7) and (M,7). In addition, if the 
surfaces Z? and i? are weakly equivalent, then / comes from the restriction 
of (S 3 ,i?) (S 3 ,i?') to S 3 (#) that gets mapped to S 3 (f?'). Also, /* : 
i^i(5' 3 \i?) — > H 1 (S 3 \R) preserves the Seifert form, i.e, a. b = f*(a).f*(b) for 
every a,b e H^S^R). 

Proof of the main theorem. We recall that the Seifert matrices for the two 

surfaces R and R' are given by Vr = ^ ^ J ^ and = 

based on the basis elements q's and di's, shown in Figure [T](i = 1,2). Set 
M = S 3 (R) and M = S 3 (R). Using the notation of Section [31 let us mark 
one generator in each Gi (x) Hj by and let us also denote the group gener- 
ated by these elements, by (:%). If the two Seifert surfaces were equivalent, 
then based on Definition 13. 51 we would have a : SFH(M, 7) — > SFH(M , 7 ), 
a bijection from the generators to generators, i.e., it maps every generator 
of SFH(M, 7), to a generator a^-) of SFH(M , 7 ). We also ob- 

tain a map / : (M, 7) — > (M ,7 ), where / is compatible with taking dif- 
ference classes, i.e., e(a,b).e(c,d) = f*e(a,b).f*e(c,d) for some isomorphism 
/* : H^S^R) H!(S 3 \R') where, a,b,c,d e Hx(S 3 \R). 
Suppose such a a exists. As we mentioned earlier, in the Seifert forms Vr 
and V R >, I is a non-zero integer. Let us assume that I > 0. Then, 

e(a(x n ),o-(x nm )) 2 = (f*e(x n , Xnm)) 2 = (nci + mc 2 ) 2 = n 2 l + nm 
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Since a sends generators to generators, for some a and (3 in Z, e(a(xu), o-(x nm )) 
adi + f3d 2 . The fact that /* preserves the Seifert form implies that, 



On the other hand, 



(adi + (3d 2 ) 2 = n 2 l + ran. 



{ad! + (3d 2 ) 2 = a 2 l - a/3. 



Notice that x\\ and x nm have furthest distance in the polytope of S 3 (R). 
This implies that, n 2 l + nm is the greatest positive number that can possibly 
be generated from a 2 l — a/3, where \a\ ^ n and \(3\ < m. Hence, we must 



must have \a\ = n and 
Thus, e(a(xu),a(x nm )) 
just figured out, 



| = m. In addition, a and (3 have opposite signs. 
+ {ndi — md 2 ). The following illustrates what we 



c 2 



Cl 



(xki). 



Cl 



■£L_ (x ln ) Wix^Jl d J_ (a(x kl ))JL 

c 2 d 2 



A. <a(xn)> 

4 



C 2 

<^i m > _ £l- 



Cl 



Cl 



Cl 



c 2 



( x nm) ^i^nnif) — — (^i^kraf) ■ 



d 1 



d 2 

..-*-<a(x fV > 



Observe that o"(x n ) and o"(x nm ) are located along the other diagonal com- 
pared to £11 and x nm . Now, in the horizontal direction, take the closest 
nonzero group G k ® Hi to (xn) such that k > 0. Such a group exists since, 
a priori G n (x) Hi ^ 0. Thus, we can assume that x^i 7^ for some k > 0. 
Based on our convention, xti e Gk® Hi and k ^ n. Therefore, we have 
e(xn,Xfci) = +A;ci. Then, 

e(o-(xn),o-(xfci)) 2 = (/*e(xii,x fe i)) 2 = k 2 c\ = k 2 l, 

and for some a and /?, e(a(:rii), cr(xki)) = adi + (3d 2 which in turn ensures 

(adi + (3d 2 ) 2 = a 2 l - af3 = k 2 l, 

where k > 0, and so a 0. Since SFH is symmetric and we obtained the 
polytope from the tensor product formula and also from the way we chose 
Xkii we conclude that a is at least k. The way that a(xn) is located in 
the polytope, implies that a and (3 have different signs. Thus, a/3 < and 
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a 2 — a/3 ^ a 2 , which implies ft = and e(a(x 11 ),a(x kl )) = +kd 1 . We get a 
contradiction now. On the one hand, 

e(<7(xn), a(x nm )).e(a(x n ), cr(xki)) = +{nd\ — md?). + fcdi = +{nkl + mk), 

where I, m,n,k > 0. On the other hand, 

e(xn,x nm ).e(x n ,Xki) = +(nci + mc 2 ). + kc\ = +nkl. 

For the case / < 0, instead of in, x nm and x kl we take x„i, Xi m and X( n -k)i 
for the smallest positive k, where X( n -k)i 0. Then, a contradiction follows 
similarly. These show that SFH(S 3 (R)) £ SFH(S 3 (R')) and so R * R' . □ 
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